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Abstract. Let Y be an infinite covering space of a projective manifold M in of di¬ 
mension n > 2. Let C be the intersection with M of at most n — 1 generic hypersurfaces 
of degree d in P^^. The preimage AT of C in T is a connected submanifold. Let 4> be the 
smoothed distance from a fixed point in T in a metric pulled up from M. Let 0(j,{X) be 
the Hilbert space of holomorphic functions f on X such that is integrable on X, 

and define 0(j,{Y) similarly. Our main result is that (under more general hypotheses than 
described here) the restriction 0(j){Y) —>■ (^^(Ar) is an isomorphism for d large enough. 

This yields new examples of Riemann surfaces and domains of holomorphy in C'^ with 
corona. We consider the important special case when Y is the unit ball B in C"", and show 
that for d large enough, every bounded holomorphic function on X extends to a unique 
function in the intersection of all the nontrivial weighted Bergman spaces on B. Finally, 
assuming that the covering group is arithmetic, we establish three dichotomies concerning 
the extension of bounded holomorphic and harmonic functions from Ai to B. 


Introduction 

Let Y —M be an infinite covering space of an n-dimensional projective manifold, n > 2. 
The function theory of such spaces is still not well understood. The central problem 
in this area is the conjecture of Shafarevich that the universal covering space of any 
projective manifold is holomorphically convex. This is a higher-dimensional variation 
on the venerable theme of uniformization. There are no known counterexamples to the 
conjecture, and it has been verified only in a number of fairly special cases. 

Suppose M is embedded into a projective space by sections of a very ample line bundle 
L. The generic linear subspace of codimension n — 1 intersects M in a 1-dimensional 
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connected snbmanifold C called an L-cnrve. The preimage X of (7 is a connected Riemann 
snrface embedded in Y. A natnral approach to constrncting holomorphic fnnctions on 
Y is to extend them from X. This has the advantage of redncing certain qnestions to 
the 1-dimensional case, bnt the price one pays is having to work with fnnctions of slow 
growth. Here, slow growth means slow exponential growth with respect to the distance 
from a hxed base point or a similar well-behaved exhanstion, in an or L°° sense. 
Fnnctions in the Hardy class Hp{X) grow slowly in this sense for p large enongh. 

In Section 1, we improve npon the main resnlt of onr earlier paper [Lari] and show that 
if L is snfhciently ample, then the restriction map -{X is an isomorphism of the Hilbert 
spaces of holomorphic fnnctions of slow growth. As before, the proof is based on the 
method of solving the 9-eqnation. This may be viewed as a sampling and interpolation 
theorem, related to those of Seip; Berndtsson and Ortega Cerda; and others. See [BO], 
[Sei], and the references therein. 

In Section 2, we nse the isomorphism theorem to constrnct new examples of Riemann 
snrfaces with corona. These easily dehned snrfaces have many symmetries, we have a 
simple description of characters in the corona, and the corona is large in the sense that 
it contains a domain in enclidean space of arbitrarily high dimension. 

In Section 3, we adapt resnlts of Hormander on generating algebras of holomorphic 
fnnctions of exponential growth to the case of covering spaces. Conseqnently, as shown 
in Section 4, the restriction map -{X may fail to be an isomorphism if L is not snfhciently 
ample compared to the exhanstion. 

Under the mild assnmption that the covering gronp is Gromov hyperbolic, we fonnd 
in [Lar2] that the only obstrnction to every positive harmonic f un ction on X being the 
real part of a holomorphic f un ction (in which case X has many holomorphic fnnctions of 
slow growth that extend to T) is a geometric condition involving the Martin bonndary, 
characteristic of the higher-dimensional case. There are examples of inhnitely connected 
X for which the obstrnction is not present, bnt these have I-dimensional bonndary, 
whereas in general the cnrves X of interest to ns do not: they have the same bonndary 
as the ambient space Y. No examples with higher dimensional bonndary are known. 

In hopes of shedding some light on the dichotomy in [Lar2], we restrict onrselves from 
Section 4 onwards to what seems to be the most anspicions setting possible and let Y 
be the nnit ball B in C"^, n > 2. We present the resnlts of the previons sections in a 
more explicit form. We obtain a sampling and interpolation theorem for the weighted 
Bergman spaces on B. For each weight, the restriction to X indnces an isomorphism from 
the weighted Bergman space on B to the one on W if L is snfhciently ample. This is in 
contrast to Seip’s resnlt that no seqnence in the disc is both sampling and interpolating 
for any weighted Bergman space [Sei]. Also, every bonnded holomorphic fnnction on X 
extends to a nniqne fnnction of jnst barely exponential growth on B, i.e., a fnnction in the 
intersection of all the nontrivial weighted Bergman spaces on B, when L is snfhciently 
ample, for instance when L is the m-th tensor power of the canonical bnndle K with 
m >2. Whether the extension is itself bonnded is an important open qnestion. 
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In Section 5, assnming that the covering gronp is an arithmetic snbgronp of the au¬ 
tomorphism group PU{l,n) of B, we establish two dichotomies related to that in [Lar2] 
but using very different means. One of them says that either every holomorphic function 
/ continuous up to the boundary on the preimage of a itr®"^-curve in a hnite covering 
of M extends to a continuous function on B which is holomorphic on B, or the bound¬ 
ary functions of such functions / generate a dense subspace of the space of continuous 
functions 9B —C. This is probably another manifestation of the elusive phenomenon 
discovered in [Lar2]. Section 6 contains an analogous dichotomy for harmonic functions. 
In contrast to the case of holomorphic functions, it is easy to see that a harmonic function 
on X, continuous up to the boundary, generally does not extend to a plurisubharmonic 
function bounded above on B. 

Acknowledgement. I would like to thank Bo Berndtsson for helpful discussions. 

1. An extension theorem 

We will be working with the following objects. 

(1) A covering space n : Y —M of a compact n-dimensional Kahler manifold M 
with a Kahler form lo. 

( 2 ) A smooth function (/> : K —M such that dcp is bounded. 

(3) A line bundle L on M with canonical connection V and curvature 0 in a hermitian 
metric h. 

(4) A section s of L over M with Vs 7 ^ 0 at each point of its nonempty zero locus C. 
Then (7 is a smooth (possibly disconnected) hypersurface in M. Let X = 7t~^{C). 

We denote the pullbacks to Y of u, L, and s by the same letters. 

Let 0(f,{X) be the vector space of holomorphic functions / on A such that f‘^e~^ is 
integrable on X with respect to the volume form of the induced Kahler metric on X. 
This is a Hilbert space with respect to the inner product 

(/.»)« f 

Jx 

We dehne Of^iY) similarly. 

Let t/i,..., Um be the pullbacks of shrunk coordinate polydiscs in which C = {zn = 0}, 
covering a neighbourhood of C. If / G 0(j,(Y) and x = (ai,..., Un-i, 0) G A fl Uk, then 

\f{x)f<c[ |/|^ 

Jd 

where D is the disc with Zj = aj for j = 1,... ,n — 1 in Uk, and c > 0 is a constant 
independent of /. Hence, 

[ \f\^e-*<cf |/|V*, 

JxnUk JUk 
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so 


[ \f\^e-*<c [ |/|V*. 

Jx Jy 

This shows that we have a continuous linear restriction map 


p:04Y)^04X), f^f\X. 


In a previous paper we showed that under suitable curvature assumptions, p is surjec¬ 
tive when n > 2. 

1.1. Theorem [Lari, Thm. 3.1]. If n >2 and 0 > iddcf) -|- eu for some e > 0, then p 
is surjective. 

By [Lari, Cor. 2.4], since the weighted metric e'^hin L has curvature —iddcj + Q > su^ 
the /c-th cohomology group of ^ with coefficients in the dual bundle 

with the dual metric e~^K^ vanishes for k < n. The proof of Theorem 1.1 is based on 
vanishing for k = 1, for which we need n > 2. We will now use vanishing for /c = 0 to 
show that p is injective. 

Let / G 0(j){Y) such that f\X = 0. Then a = fs'^ is a holomorphic section of on 
Y. We will show that a is square-integrable with respect to e~^h'^. Then vanishing of 
iniplies that a = 0 , so / = 0 . 

Since Vs 7 ^ 0 on (7, there is a constant c > 0 such that dist(-,C') < c|s| on M. For 
yEY\X let xeX have dist(y, x) = dist(y, X). Then 


«(2/)l = \ fiy)My)\ ^ < c\f{x) - f{y)\/dist{x,y) 


< csup \df\ I/I < l/l^) ' , 


where the supremum is taken over a ball centred at y covering all of M, and S is a ball 
of larger radius. Hence, 

< c f |/pe-^ 


IB 


SO 



We have proved the following theorem. 

1.2. Theorem. Suppose 


0 > iddcf) -I- eu) 

for some s > 0. Then p is injective. If dim.X > 1, then p is an isomorphism. 

By induction, the theorem generalizes to the case when C is the common zero locus 
of sections si,..., s^, k < n, of L over M which, in a trivialization, can be completed to 


4 



a set of local coordinates at each point of C. When /c = n — 1, snch C will be referred 
to as L-cnrves. If L is very ample, and therefore the pnllback of the hyperplane b un dle 
by an embedding of M into some projective space, then this condition means that the 
linear snbspace {si,...,Sfc = 0} intersects M transversely in a smooth snbvariety C 
of codimension k. By Bertini’s theorem, this holds for the generic linear snbspace of 
codimension k. If /c < n — 1, then C is connected and the map 7 ri(M) is 

snrjective by the Lefschetz hyperplane theorem, which implies that X is connected. 

An important example of a fnnction cf) as above is obtained by smoothing the distance 
5 from a hxed point in Y. By a resnlt of Napier [Nap], there is a smooth f un ction r on 
Y snch that 

( 1 ) Ci5 < T < C 2 S + C 3 for some ci, C 2 , C 3 > 0 , 

( 2 ) dr is bonnded, and 

(3) iddr is bonnded. 

Fnrthermore, by (1) and since the curvatnre of Y is bonnded below, there is c > 0 snch 
that is integrable on Y. Then is also integrable on X. 

If L is positive, then kQ > iddr for /c G N snfficiently large by (3), so the cnrvatnre 
ineqnality in Theorem 1.2 holds if L is replaced by a snfficiently high tensor power of 
itself. 

1.3. Example. There is an open hyperbolic Riemann snrface X snch that for some 
£ > 0, any / G 0(X) with |/| < is constant, where 5 is the distance from a hxed 
point in the Poincare metric. 

Namely, there is an example dne to Consin of a projective 2-dimensional torns (abelian 
snrface) M with a Z-covering space Y ^ M snch that Y has no nonconstant holomorphic 
fnnctions [NR, 3.9]. Let r be a smooth fnnction on Y satisfying (1), (2), and (3), snch 
that is integrable. Let L be a very ample line bnndle on M snch that 0 > iddr+eu. 

Let X be the pnllback in Y of an L-cnrve in M. Then Ot{X) = C by Theorem 1.2. If 
/ G 0{X) and |/| < with £ > 0 snfficiently small, then |/| < ce^/^, so f e Or{X) 
and / is constant. 

2. New examples of Riemann snrfaces with corona 

Let W be a complex manifold. Let H°°{X) be the space of bonnded holomorphic fnnctions 
on X, which is a Banach algebra in the snpremnm norm. Let M. be the character space 
of H°°{X), which is a compact Hansdorff space in the weak-star topology. There is a 
continnons map i : X ^ M. taking x & X to the evalnation character / 1 — f{x). The 
Corona Problem asks whether l{X) is dense in Xi. The complement of the closnre of 
i{X) in M. is referred to as the corona, so if i{X) is not dense in At, then X is said to 
have corona. It is well known that the following are eqnivalent. 

(1) i{X) is dense in M. 

(2) If /i, ..., /^ G H°°{X) and |/i| H- h |/m| > £ > 0, then there are gi,...,gm^ 

H°^{X) snch that figi H-h f^gm = 1- 
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By Carleson’s famous Corona Theorem (1962), the disc has no corona. The Corona The¬ 
orem holds for Riemann surfaces of hnite type and planar domains of various kinds. The 
Corona Problem for arbitrary planar domains is open. Around 1970, Cole constructed 
the hrst example of a Riemann surface with corona [Gam]. By modifying Cole’s exam¬ 
ple, Nakai obtained a regular Parreau-Widom surface with corona [Nak], [Has, p. 229]. 
Recently, Barrett and Diller showed that the homology covering spaces of domains in the 
Riemann sphere, whose complement has positive logarithmic capacity and zero length, 
have corona [BD]. See also [EP, 7.3]. Sibony [Sib] found the hrst example of a domain of 
holomorphy in C"^, n > 2, with corona. There are no known examples of such domains 
without corona. 

We will now present a new class of Riemann surfaces with corona (see also Theorem 
4.2). We remind the reader that if T is a bounded domain in covering a compact 
complex manifold M, then T is a domain of holomorphy [Sie, p. 136] and M is projective. 
In fact, the canonical bundle of M is ample [Kol, 5.22]. 

2.1. Theorem. Letn : Y ^ M be a covering map, where Y is a bounded domain in C"", 
n >2, and M is compact. Let L be an ample line bundle on M. IfC is an -curve in 
M with m sufficiently large, then the Riemann surface X = 7r~^{C) has corona. In fact, 
the natural map from X into the character space M of H°°{X) extends to an embedding 
ofY into M which maps Y\X into the corona of X. 

Proof. Let r > 0 be a smoothed distance function on Y as described in Section 1, such 
that e~'^ is integrable on Y, and hence on X, so H°°{X) C Or{X). 

We claim that Ot{X) • Or(X) C OsriX). Namely, suppose / G Or{X). For p G X, 
let B be the ball of radius 1 centred at p in a metric pulled up from C. Then 

|/(p)| <c [ \f\<c{ f |/|^)^^^ 

J B J B 

where the constants are independent of p, so 

< c( [ |/|2e-)‘''"<oo. 

Jb 

Hence, |/| < so 



and p e 0^r{X). 

If m is sufEciently large, then the curvature of L®'^ is at least ?>iddTYuj for some Kahler 
form uj on M, so the restriction map p : 03 r(Y) — 03 r(X) is an isomorphism by Theorem 
1.2. Clearly, pOr{Y) = Or{X). For p &Y, let Xp be the linear functional / i—> p~^{f){p) 
on H^iX). If f,g G H^{X), then p-^ffip-Hg) G ^(A) • ^(A) C (P 3 r(A), and 
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P ^{f)P = fPi so p ^(/)p ^{g) = p ^ifg)- This shows that Xp is a character on 

We have obtained a map l : Y ^ Ai, p ^ Xp, extending the natnral map from 
X into At. We claim that 6 is a homeomorphism onto its image with the indnced 
topology, and that i{X) fl i{Y) = i{X). First of all, since H°°{Y) separates points, b 
is injective. The topology on Ai is the weakest topology that makes all the Gelfand 
transforms f '■ X ^ xif)j f ^ H°°{X), continnons, so i is continnons if and only if / o t 
is continnons for all / G H°°{X), bnt f o l — p“^(/), so this is clear. Let p E Y and 
snppose the polydisc P = {z E : \fi{z)\ < s,i — 1,... ,n}, where fi{z) ~ Zi — pi, is 
contained in Y . Let V — {x E Ai : \xifi)\ < s,i — 1,..., n}. Then V is open in Ai, and 
l{P) = V n i{Y). This shows that l :Y ^ <'(T) is open, so 6 is a homeomorphism onto 
its image. Finally, snppose p E Y \ X. Say max \fi\ > £ > 0 on W. Then V is an open 
neighbonrhood of b{p) which does not intersect b{X). Hence, b{X) fl b(Y) = b{X). This 
shows that the corona of X contains an embedded image of T \ W. □ 

Let ns remark that a Riemann snrface as in the theorem is not Parrean-Widom, since a 
Parrean-Widom snrface X embeds into the character space of H°°{X) as an open snbset 
[Has, p. 222]. See also the proof of Theorem 5.2. 

By the same argnment we easily obtain the following more general resnlt. 

2.2. Theorem. Let Y be a covering space of a projective manifold M with dimM > 2 , 
L he a line bundle on M, and C he an L-curve in M with preimage X in Y. If 

(1) L is sufficiently ample, and 

(2) there is a bounded holomorphic map g : Y ^ PA with g{X) gfY), 
then X is a Riemann surface with corona. 

Finally, nnder the hypotheses of Theorem 2.1, if t/ C T is a neighbonrhood of X with 
Y (f U, then we can show by the same argnment as in the proof of Theorem 2.1 that U 
has corona. Since X is Stein, U may be chosen to be a domain of holomorphy by Sin’s 
theorem [Sin]. Thns we obtain new examples of bonnded domains of holomorphy in C” 
with corona. 

3. Generating Hormander algebras on covering spaces 

In this section, we adapt resnlts of Hormander [Hor] on generating algebras of holo¬ 
morphic fnnctions of exponential growth to the case of covering spaces over compact 
manifolds. We let W —M be a covering space of an n-dimensional compact hermitian 
manifold M. Let f) : X ^ f), cx)) be a smooth f un ction snch that 

(1) d(f> is bonnded, and 

(2) e~^‘^ is integrable on X for some c > 0. 

Let 

- A4,{X) = IJ Oc4>{X) 

c>0 
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be the vector space of holomorphic functions f on X such that is integrable on 

X for some c > 0. By (2), contains all bounded holomorphic functions on X. The 
following is easy to see by an argument similar to that in the proof of Theorem 2.1. 

3.1. Proposition. A holomorphic function f on X is in Acj, if and only if \ f\ < 
for some a > 0. Hence, Aff, is a C-algebra, called a Hormander algebra. 

If functions fi,...,fm in Ac^ generate Atf,, then there are gi,... ,gm € Afj, such that 
figi H-h fmgm == 1, so 


max \fi\ > ce for some a > 0. 

We will establish an effective converse to this observation. Our proof is a straightforward 
adaptation of Hormander’s Koszul complex argument in [Hor]. See also [EP, 7.3]. 

Let m > 1 and r, s > 0 be integers, and t G [0, cx)). Choose a basis {ei,... ,em} 
for Let Lf.{t) be the space of smooth A^C"^-valued (0, r)-forms on X which are 

square-integrable with respect to e~^^. 

3.2. Lemma. Suppose M is Kdhler with Kdhler form u, and Ric(W) + tiddcf) > eu for 
some £ > 0. If rj G (t) and dr] = 0, then there is ^ E L^{t) with df = rj. 

Proof. This follows directly from standard theory. See for instance [Dem, Sec. 14]. □ 

Now let fi,..., fm be holomorphic functions on X such that 

gg-C20 < |y^|2 ^ ggCi0^ g^^ g^ > 0. 


Dehne a linear operator a : Lp~^{t) L^{t + ci) by the formula 


s + l 

A ■ ■ ■ A ^^(—1) fik^ii A ■ ■ ■ A A ■ ■ ■ A 

fc=i 


and set a = 0 on L^{t). Then = 0, and a commutes with d. Also dehne a linear 
operator (3 : L^it) Lp~^{t + ci + 2 c 2 ) by the formula 

-l m 

Then a(3 + (3a is the inclusion L(.{t) ^ + 2(ci + C 2 )). 
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3.3. Lemma. Suppose e is integrable on X. If ^ E L^{t) and a{^) = 0, then there 

is rj G + Cl + 2 C 2 ) such that a{rf) = ^ and in addition dr] G + 2ci + 3c2 + a) 

ifdC = 0 . 

Proof. Take rj ~ /3(0- Say = 0. Then 

\dri\ < c|^| max l^ , . ,2 I ^ c|^| max 

* l/irH - \-\fmr 

If / G 0(X) and |/p < then |9/p < Hence, |9?7p < 

and the lemma follows. □ 

3.4. Theorem. Let X ^ M be a covering space of a compact Kdhler manifold with 
Kabler form u. Let (/> : X —> [0, cx)) be a smooth plurisubharmonic function such that 

(1) df is bounded, 

(2) 6““"^ is integrable on X, a > 0, and 

(3) Ric(X) + biddf) > eu for some £ > 0. 

Let fi,...,fm be holomorphic functions on X such that 

ce“^20 < jj^ax |/i|2 < Cl, C2 > 0. 

i 

Let r, s > 0 be integers. If i & = 0? ct(0 = 0? t > b — 2c2, then there is 

rj G L^'^^{u), where 

u = t + Cl + 2 c 2 + {m - s - l){a + 3(ci + C 2 )), 
such that drj = 0 and a(r]) = ^. 

Taking r = s = 0 and ^ = 1, we obtain the following corollary. 

3.5. Corollary. Let the hypotheses be as in Theorem S.f. There are gi,...,gm in 
Ot(f,{X) where 

t = max{a, b — 2c2} + ci + 2c2 + (m — l)(a + 3(ci + C 2 )), 

such that figi H-h fm9m = 1- 

The following corollary is onr analogne of [Hor, Thm. 1]. 

3.6. Corollary. Let X ^ M be a covering space of a compact Kdhler manifold with 
Kdhler form u. Let f : X ^ [Q, cx)) be a smooth function such that 

(1) df) is bounded, 

(2) e~'^^ is integrable on X for some c > 0, and 

(3) iddcf) > eu for some e > 0. 
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Then functions /i,..., in A(f, generate A^j) if and only if 

max |/i| > ce~°'^ for some a > 0. 

The hypotheses of the corollary are satished for example when X is the unit ball in 
C” and <f> — — log(l — | • P)? which is comparable to the Bergman distance from the origin 
(see Section 4). 

Proof of Theorem 3.4- If s > m or r > n, then ^ = 0 and we take rj = 0. Assume 
that s < m and r < n, and that the theorem has been proved with r, s replaced by 
r + 1, s + 1. By Lemma 3.3, there is rji G Lp~^{t + ci + 2c2) such that a{r]i) = ^ 
and drji G Lf^\{t + 2ci + 3c2 + a). Now ddr]i = 0 and a{dr]i) = da{r]i) = = 0, 

so by the induction hypothesis, there is r ]2 G Lf^iiu — ci) such that drj 2 = 0 and 
«(h 2 ) = drji- By Lemma 3.2, there is rjs G L®+^('u — ci) such that drjs = r] 2 - Now 
let Tj = Tji — a{r]s) G L®+^('u). Then Brj = dr]i — a{dr]s) = drji — a{r] 2 ) = 0 and 
a{r]) = a{r]i) = □ 

4. The case of the ball 

In this section, we will consider the results of the previous sections in the explicit 
setting of the unit ball B in C"^, n > 2. For an instructive discussion of compact ball 
quotients, see [Kol, Ch. 8]. 

Let M be a projective manifold covered by B with a positive line bundle L with 
curvature 0. Let X be the preimage in B of an L-curve C in M. We are particularly 
interested in the extension problem for bounded holomorphic functions on X. 

The restriction map iL°“(B) — H°°{X) is injective, so we can consider iL°°(B) as a 
subspace of H°°{X), which is closed in the sup-norm. In the locally uniform topology, 
however, iL“(B) is dense in H°°{X). Namely, say / G iL°°(A), and let F G C>(B) be an 
extension of /. For r < 1, the functions 2 ; 1 — Ffrz) are bounded in B, and they converge 
locally uniformly to / on A as r —1. 

It is well known that if T is a complex submanifold of a neighbourhood of B, then 
every bounded holomorphic function on TflB extends to a bounded holomorphic function 
on B [HL, 4.11.1]. Our X is of course far from extending to a submanifold of a larger 
ball, and the extension problem for bounded holomorphic functions on X is very much 
open. We will show, however, that when L is sufficiently positive, bounded holomorphic 
functions on X extend to holomorphic functions on B whose growth is, in a precise sense, 
just barely exponential. 

First we collect a few formulas concerning the geometry of B. The Bergman metric of 
B is 

n 

ds^ = Qjkdzj ® dzk^ 
j,k=l 
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where 


9jk — 


d d 


n + 1 


dzj ’ dzk ^ (1 — 


((1 - \z\^)5jk +ZjZk). 


This is a common convention. It is used for instance in [Kra] and [Sto]; other authors 
may use a constant scalar multiple of the above. The Kahler form of the Bergman metric 
is 


u 


1 t 

--luvds^ = - ^ Qjkdzj A dzk = 

j,k=l 


i{n + 1) 


dd\og{l — \z\‘^). 


The distance from the origin in the Bergman metric is 

l + l^l 


Vn + 1 
d{z) = —--log 


l-l^l 


z e 


The Ricci curvature of the Bergman metric, i.e., the curvature form of the induced metric 
in the cocanonical bundle (the top exterior power of the tangent bundle) is 


^ ^ ^ -I 


Ric(w) = --dd log det (gjk) = -w. 


Let 


t(z) 


n + I 


log(l - \z\‘^). 


Then iddr — w, and r is a nonnegative strictly plurisubharmonic exhaustion of B. Also, 
r is comparable to d. More precisely, 

'Jn + 15 < T < ^/n+ 15 + (n + 1) log 2. 

It may be shown that |(ir| is bounded. Let O = uj'^ jnl be the volume form of the Bergman 
metric. Then 

O = c(l - | 2 | 2 )-(^+i)Oo, 

where c > 0 is constant, and Oq is the euclidean volume form on C”. We have 

[ < oo if and only if c > 


n + 1 


The weighted Bergman space is the space of holomorphic functions on B such 


that 


|#(1 - < oo. 


See [Sto, Ch. 10]. We have = 0- The intersection 62 ^ = f) 62 ^ contains the Hardy 

£>0 

space iL^(B) of holomorphic functions / on B such that |/p has a harmonic majorant. 
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The boundary behaviour of the functions in may be rather wild. A theorem of 

Bagemihl, Erdos, and Seidel [BES], [Mac], states that if fi : [0,1) —[0, cx)) goes to inhnity 
at 1, then there exists a holomorphic function / on the unit disc with |/| < n( \ • |), such 

that for some sequence 1, we have min \f{z)\ oo. In particular, / does not 

|z|=r„ 

have a hnite limit along any curve that intersects every neighbourhood of the boundary. 
Taking //(r) = — log(l — r), we get / in . 

We have 

n + l 

Let 

T(B)= f| a,(B), 


and dehne £{X) similarly. These are Frechet-Hilbert spaces. 

From now on we let n > 2. Theorem 1.2 yields the following result. 


4.1. Theorem. // 0 > cu, then the restriction map p : C>ct(B) 
isomorphism. 

Suppose 


0 > 


2n 

n + 1 


Ocri^) is an 


This holds for instance if L = with k >2. Then we have a well-defined restriction 
map p : T(B) — £{X), which is an isomorphism. Hence, every bounded holomorphic 
function on X extends to a unique function in £ (B). 


The 1-dimensional case is very different. Seip has shown that no submanifold of the 
disc is both sampling and interpolating for any weighted Bergman space [Seij. 

Now we can easily obtain fairly explicit examples of Riemann surfaces with corona. 

2 n 

4.2. Theorem. If Q > - oj, then X has corona. 

n-\-1 

Proof. Let p G B\W and fi{z) — Zi—pi, i = 1,... ,n. Then '^\fi\ > £ > 0 on W. Suppose 
X has no corona. Then there are gi,... ,gn G H°°{X) with ^ figi = 1. By Theorem 
4.1, gi extends to a function Gi G T(B). Then h = fiGi G T(B), and h\X = 1. Again 
by Theorem 4.1, h = 1, which is absurd since h{p) =0. □ 

Gtz 

The proof of Theorem 2.1 shows that if 0 > - u, then B embeds into the character 

n -|- 1 

space Xi of H°°{X), taking B \ W into the corona. 

Now r satishes the hypotheses of Corollary 3.6, both on B and on X. Hence, functions 
fi - ■ ■ ■, fm £ v4,t(B) generate A,r(B) if and only if 


max \fi\ > ce for some a > 0, 
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and similarly for X. 

In contrast to the first part of Theorem 4.1, we we obtain the following resnlt from 
Corollary 3.5. 


4.3. Theorem. If s>l and 0 < su, then the restriction map p : C>ct(®) 
not an isomorphism for 

2 n^ — n + 1 
c> s 4 ---. 


OcriX) IS 


Proof. By adjnnction, the Ricci cnrvatnre of X in the metric indnced by the Bergman 
metric on B is Ric(X) = —0 — u. We apply Corollary 3.5 with X ^ C, (p — t, 
a = 2nl (n + 1 ) + £, 6 = s + 1 + £, £ > 0 , /i = — Pi, i = 1 ,..., n, where p eM\X, and 

Cl, C 2 = 0. For every c > s + (2n^ — n + l)/(n + 1) we obtain gi,... ,gn in OcriX) snch 
that figi + ■ —h fnQn = 1- If p : Ocrf^) Oct(X) was an isomorphism, there wonld be 
Gi,..., Gn in Oct{^) with ~ Pi)Gi = 1 on B, which is absnrd. □ 


Consider the special case when L = m > 1. We have proved that p : Oc 

2n‘^ — n T 1 

Oct{X) is an isomorphism if c < m, bnt not if c > m H- — -. Fnrthermore, we 


2 n 


n + 1 


can easily show that p is not injective if c > 2 m + 

n + 1 

Namely, e = dzi A ■■■ A dzn is a zero-free section of K with norm ce~'^. Let s 7 ^ 0 be 
a holomorphic section of L on M, vanishing on G. Then / = sje®'^ is a holomorphic 

2n 

fnnction in the kernel of p with |/| < ce™'^, so / G Oct(^) for all c > 2 m H-. 

n. I 1 


5. A dichotomy 

As before, we consider a projective manifold M covered by the nnit ball B in C"^, n > 2, 
with a positive line bnndle L, and the preimage A in B of an L-cnrve G in M. We will de¬ 
note the covering gronp by F. The bonnded extension problem for holomorphic fnnctions 
is related to the qnestion of which bonnded harmonic fnnctions on X are real parts of holo¬ 
morphic fnnctions. This qnestion was stndied in [Lar2], where the following dichotomy 
was established in the more general setting of a nonelementary Gromov-hyperbolic cov¬ 
ering space of a compact Kahler manifold. 

5.1. Theorem [Lar2, Thm. 4.2]. One of the following holds. 

(1) Every positive harmonic function on X is the real part of a holomorphic function. 

( 2 ) lfu>0 is the real part of an function on X, then the boundary decay of u at 
a zero on the Martin boundary of X is no faster than its radial decay. 

By resnlts of Ancona [Anc], the Martin compactihcation of X is natnrally homeomor- 
phic to A U §, where § = dB is the nnit sphere. 
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Clearly, if (1) holds, then there are holomorphic functions on X with a bounded real 
part that do not extend to a holomorphic function on B with a bounded real part. 

If (1) holds, then each Martin f un ction kp, p G §, is the real part of a holomorphic 
function fp on X. Then the holomorphic map exp(—/p) : X —B is proper at every 
boundary point except p. Here, D denotes the unit disc. Also, if p, g G §, p 7 ^ g, then the 
holomorphic map (exp(—/p), exp(—/g)) : X —© x D is proper. However, we have the 
following result. 

5.2. Theorem. There is no proper holomorphic map X — 

Proof. Bounded holomorphic functions separate points on X, so if there is a proper 
holomorphic map X D, then X is Parreau-Widom by a theorem of Hasumi [Has, p. 
209]. By [Lar2, Thm. 5.1], if X is Parreau-Widom, then X is either isomorphic to D or 
homeomorphic to the 2-sphere with a Cantor set removed. Both possibilities are excluded 
by the Martin boundary of X being §. □ 

When L is sufficiently ample, we can prove a stronger result. 

5.3. Theorem. If L is sufficiently ample and f is a holomorphic function on X, then 
f~^(U) is not relatively compact in X for any nonempty open subset U of the image 
f{X). In other words, every value of f is taken at infinity. 

Proof. Suppose there is a holomorphic function f on X such that f~^{U) is relatively 
compact in X for some nonempty open subset U of f{X). We may assume that 0 G f7. 
Then 1// is a meromorphic function on X which has a pole p and is bounded outside the 
compact closure of f~^{U). Since bounded holomorphic functions separate points on X, 
a theorem of Hayashi [Hay] now implies that the natural map from X into the character 
space of H°°{X) is open when restricted to some neighbourhood of p. By Theorem 2.1, 
this is absurd when L is sufficiently ample. □ 

We will now present another dichotomy in a similar vein. Let Ck (S) denote the space 
of continuous functions § —iC, iC = M or iC = C, with the supremum norm. Let 
P be the subspace of Cr(§) of boundary values of pluriharmonic functions on B which 
are continuous on B, and O be the subspace of Cc(S) of boundary values of holomorphic 
functions on B which are continuous on B. It is known that if H is a proper closed subspace 
of Cr(§) and V is invariant under the action of the automorphism group G = PU{l,n) 
of B, then V = M. or V = P. Also, if H is a proper closed G-invariant subspace of Cc(S), 
then V is one of the following: C, O, O, P + iP [Rud, 13.1.4]. 

If C is an L-curve in a hnite covering of M with preimage X in B, then we denote by 
E{C) the space of functions a G Cr(§) such that the harmonic extension H[a] = i^x[ct] 
of a to W is the real part of a holomorphic function on X. Clearly, P C E{C). Now 
a G E{C) if and only if all the periods of H[a] vanish, so E{C) is closed in Cr(S). 
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5.4. Theorem. Suppose that the covering group F is arithmetic, and that L is a tensor 
power of the canonical bundle. Then one (and only one) of the following holds. 

(1) E{C) = P for every L-curve in a finite covering of M. 

(2) The subspace o/Cr(§) generated by E{C) for all L-curves C in finite coverings 
of M is dense in Cr(§). 

Note that (2) holds if (1) in Theorem 5.1 holds for the preimage X of some L-curve 
in a hnite covering of M. 

Proof. Let C be an L-curve in a hnite covering Mi of M, with preimage X in B. Then 
Ml = B/Ti, where Fi is a subgroup of hnite index in F. Let g be an element of the 
commensurability subgroup Comm(F) in G. This means that F and gTg~^ are commen¬ 
surable, i.e., their intersection is of hnite index in both of them. Then r2 = Fi n^fFiSf 1 
is a subgroup of hnite index in Fi. If a G E{C), so = Re / with / holomorphic 

on X, then f o g is holomorphic on g~^X and Edg-ixW ° d] — R® f ° 9- R 7 ^ r2, then 
7 = 9~^li9 for some 71 G Fi, so ^g~^X = g~^^igg~^X = g~^^iX = g~^X. 

Hence, g~^X is F2-invariant, so g~^X is the preimage of an L-curve C' in the hnite 
covering B/F2 of M (here is where we use the assumption that L is a tensor power of the 
canonical bundle), and ao g g E{C'). 

This shows that the subspace E of Cr(S) described in (2) is invariant under Comm(F). 
Since F is arithmetic, Comm(F) is Hausdorh-dense in G [Zim, 6.2.4] (and in fact con¬ 
versely), so the closure L of L is a G-invariant subspace of Cr(S). Hence, E is either P 
or Cr(§), and the theorem follows. □ 

If the spaces E{G) are rigid in the sense that they do not change when G is varied in 
its linear equivalency class, then the theorem yields a strong dichotomy. 

5.5. Corollary. Suppose that F is arithmetic, and that L is a tensor power of the 
canonical bundle. Suppose also that ifGi and G 2 are L-curves in the same finite covering 
of M, then E{Gi) = E{G 2 ). Then E{C) is either P or Cr(§) for every L-curve G in a 
finite covering of M. 

We obtain analogous results for holomorphic functions. If G is an L-curve in a hnite 
covering of M with preimage X in B, let us denote by P{C) the closed subspace of 
functions a G Cc(S) that extend to a holomorphic function on X. Clearly, O C P{G), 
but P{G) is considerably smaller than Cc(S). 

5.6. Lemma. L'(G) fl (P-|-t Cr(§)) = G. 

Proof. Let a G P{G) fl (P -|- tCR(§)), so H[a] = / G 0{X) and there is n. G Cr(B) such 
that -ulB is pluriharmonic and n-IS = Rea, so u\X = Re/. There is P G (9(B) such that 
u = KeP and P\X = f. We need to show that P extends continuously to B. 

Now P maps B into a vertical strip. Let a be an isomorphism from a neighbourhood 
of the closure of this strip in the Riemann sphere onto D. Then cr o P is a bounded 
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holomorphic function on B and a o F\X = cro/, so a o F has the same nontangential 
boundary function a o a as cr o /. Since a o a is continuous, a o F extends continuously 
to B, and so does F = o a o F. □ 

5.7. Theorem. Suppose that F is arithmetic, and that L is a tensor power of the 
canonical bundle. Then one of the following holds. 

(1) F{C) = O for every L-curve in a finite covering of M. 

(2) The subspace of Cc{E>) generated by F{C) for all L-curves C in finite coverings 
of M is dense in Cc(S). 

Suppose furthermore that if Ci and C 2 are L-curves in the same finite covering of M, 
then F{Ci) = F{C 2 ). Then F{C) = O for every L-curve C in a finite covering of M. 

Proof. By the same argument as in the proof of Theorem 5.4, the closure of the subspace 
F of Cc(S) described in (2) is G-invariant, so it is O, P -\-iP, or Cc(S) itself. Lemma 5.6 
shows that if F C P + iP, then F = O. □ 

Loosely speaking, either the spaces F{C) are all the same, and equal to O, for all L- 
curves in hnite coverings of M, or they are diverse enough that every complex continuous 
function on S can be uniformly approximated by functions of the form ai + ■ ■ ■ + ctfc, 
where ai G F{Ci) for L-curves Ci,..., Ck in some hnite covering of M. 

Clearly, 5.7(2) implies 5.4(2), and 5.4(1) implies 5.7(1). It is not clear if the reverse 
implications hold, i.e., if Theorems 5.4 and 5.7 actnally express the same dichotomy. 

6. Harmonic functions 

Since B is Stein, every snbharmonic function on X extends to a plurisnbharmonic fnnc- 
tion on B. Whereas the bonnded extension problem for holomorphic fnnctions is hard to 
fathom, it is fairly easy to see, nsing a little potential theory, that a bonnded-above snb¬ 
harmonic function on X need not extend to a bonnded-above plurisnbharmonic function 
on B. 

Recall that if a G C]r(S), then there exists a nnique u G Cir(B) snch that 

(1) n is plurisnbharmonic on B, 

(2) (ddu)'^ = 0, i.e., u is maximal, and 

(3) u\S = a. 

Let ns write u = M[a] = M^[a]. This is the solntion of the Dirichlet problem for 
the Monge-Ampere operator, dne to Bedford and Taylor [BT]. See also earlier work of 
Bremermann [Bre] and Walsh [Wal]. In fact, u is given by the Perron-Bremermann 
formula u = suppQ, where Fa. is the set of all plurisnbharmonic fnnctions n on B with 

limsnpn(2) < a{x), a; G §. 

The operator M : C]r(§) —Cr(B) is continuons in the sense that if ai ^ a uniformly on 
S, then M[ai] M[a] uniformly on B. Namely, if £ > 0, then a — s<ai<a-\-e for i 
snfficiently large, and then Fa-e F Fa^ C Fa+e^ so M[a] — e < M[ai] < M[a] -\- e. 
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6.1. Theorem. Let a G Ck(§). The following are equivalent. 

(1) The harmonic extension H[a] of a to X extends to a bounded-above plurisubhar- 
monic function on B. 

(2) H[a] extends to a function in Cr(B) which is maximal plurisubharmonic on B. 

(3) M[a] is harmonic on X. 

(4) M[a]\X = H[a]. 

Proof. Clearly, (4) (3) ^ (2) ^ (1). We need to show that (1) ^ (4). Suppose 

V is plurisubharmonic and bounded above on B such that v\X = H[a\. Now v has a 

nontangential boundary function h, and since v\X = H[a\, we have v = H[a\ = a almost 
everywhere. Since v is bounded above and subharmonic, we have v = h -\- p, where h is 
harmonic and p < 0 is a subharmonic potential. In fact, h = HK[a\. Hence, 

hmsupn(z) < limsup/i(z) = lim h{z) = a{x) 

Z—>X Z—>X ^ 

for all a: G S, so n < M[a]. On the other hand, the Perron formulas for H[a] and M[a] 
show that M[q;]|W < H[a\. Hence, H[a\ = M[a\\X. □ 

This shows that if H[a], a G Cr(S), extends to a bounded-above plurisubharmonic 
function on B, then M[a] extends it, so M[a]|W is harmonic. Clearly, this fails for most 
a. It would be interesting to know if such a can be the boundary function of the real part 
of a holomorphic function f on X. Then / would not extend to a bounded holomorphic 
function on B. 

6.2. Corollary. The set of functions a G Cr(S) such that M[q;]|W is harmonic is a 
closed V-invariant subspace o/Cr(S). 

Proof. Let a,/d E Cr(S), and suppose M[a], M[/3] are harmonic on X. By the theorem, 
H[a], H[l3] extend to bounded-above plurisubharmonic functions on B, but then so does 
H[a -\- jd] = H[a] -\- iL[/3], so M[a -|- (d] is harmonic on X. 

If cti —a uniformly on S, then M[aj\ M[a\ uniformly on B, so if are 

harmonic, then so is M[a]|W. □ 

We obtain a dichotomy analogous to those in Section 5. If (7 is an L-curve in a hnite 
covering of M with preimage X in B, let us denote by D(C) the space of functions 
a G Cm(S) such that M[q;]|W is harmonic. Clearly, P C D{C) but, as noted above, D{C) 
is considerably smaller than Cm(§). 

6.3. Theorem. Suppose that T is arithmetic, and that L is a tensor power of the 
canonical bundle. Then one of the following holds. 

(1) D{C) = P for every L-curve in a finite covering of M. 

(2) The subspace o/Cr(§) generated by D{C) for all L-curves C in finite coverings 
of M is dense in Cr(S). 
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Suppose furthermore that if Ci and C 2 are L-curves in the same finite covering of M, 
then -D(C'i) = D{C 2 ). Then D{C) = P for every L-curve C in a finite covering of M. 

There are no examples for which it is known which alternative holds in any of the 
fonr dichotomies 5.1, 5.4, 5.7, and 6.3, nor is it known if these dichotomies are actnally 
different. 
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